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A recent development in quantum chemistry has established the quantum mutual information
between orbitals as a major descriptor of electronic structure. This has already facilitated remarkable
improvements of numerical methods and may lead to a more comprehensive foundation for chemical
bonding theory. Building on this promising development, our work provides a refined discussion of
quantum information theoretical concepts by introducing the physical correlation and its separation
into classical and quantum parts as distinctive quantifiers of electronic structure. In particular,
we succeed in quantifying the entanglement. Intriguingly, our results for different molecules reveal
that the total correlation between orbitals is mainly classical, raising questions about the general
significance of entanglement in chemical bonding. Our work also shows that implementing the
fundamental particle number superselection rule, so far not accounted for in quantum chemistry,
removes a major part of correlation and entanglement previously seen. In that respect, realizing
quantum information processing tasks with molecular systems might be more challenging than
anticipated.
I. INTRODUCTION
Quantum information theory has had a strong im-
pact in many-body quantum physics, particularly quan-
tum chemistry and solid state physics in recent years.
For instance, the concepts of entanglement and corre-
lation became important descriptors of distinctive be-
havior and features of quantum systems.1,2 Prime ex-
amples are quantum phase transitions3–6 and topolog-
ical order.7–9 Moreover, the reduced entanglement due
to the locality of lattice models in solid state physics
has manifested itself in a highly efficient ground state
approach known as the density matrix renormalization
group ansatz.10,11 The recent success of this approach
in quantum chemistry,12–17 however, seems to be rather
surprising: Why shall a molecular Hamiltonian expressed
in second quantization exhibit any form of locality on
the artificial one-dimensional lattice formed by molec-
ular orbitals? Certainly, this success can partly be
traced back to the efficiency of the underlying tensor
network ansatz.16 Yet, the identification of optimal ref-
erence orbitals to restore at least some form of locality
is fundamentally important.18,19 A sophisticated proce-
dure for determining those reference orbitals has recently
been developed with a remarkable increase of numerical
efficiency.20,21 To be more specific, this orbital transfor-
mation improves successively the choice of orbitals {ϕj}
by analyzing their pairwise correlation in terms of the
quantum mutual information
Ii,j = S(ρi) + S(ρj)− S(ρij) (1)
to increase the locality of the respective “lattice” model.
Indeed, Ii,j quantifies the additional quantum informa-
tion content of the two orbital reduced density matrix
ρij beyond the one of the single-orbital density matri-
ces ρi, ρj , where S(ρ) ≡ −Tr[ρ ln (ρ)] is the von Neu-
mann entropy.22 In the same context, this tool (1) has
also been used to automate the selection of active or-
bital spaces.23,24 Hence, the significance of the quantum
mutual information for the development of a successful
density matrix renormalization group method in quan-
tum chemistry can hardly be overestimated.
Besides its fruitful utilization in numerical methods,
the quantum mutual information (1) also has been put
forward as a tool for describing and quantifying the bond-
ing structure of molecular systems.20,25–35 Its informa-
tion theoretical meaning can thus be seen as a tempta-
tion to add a quantum information theoretical facet to
this ongoing development. Quantum effects certainly are
central in chemical bonding but does this already confirm
the distinctive role of entanglement in quantum chem-
istry? The recent works20,25–35 seem to suggest an affir-
mative answer by referring in their analyses extensively
to “orbital entanglement”. Yet, the quantum mutual in-
formation does not quantify the entanglement since it in-
cludes both quantum and classical correlation.36–3839 As
a matter of fact it also does not quantify the true physi-
cal correlation but instead overestimates it40–48 by taking
into account the so-called “fluffy bunny”-correlation.42
The latter emerges as a mathematical artifact from the
choice of incorrect algebras of observables.49–52
The aim of our work is to provide a framework for
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2addressing those open challenges based on a refined dis-
cussion of quantum information theoretical concepts:
We introduce the physical correlation and its classical
and quantum parts as distinctive quantifiers of elec-
tronic structure. In particular, we describe their re-
lations to the quantum mutual information (1). In
that context, we justify the particle number superselec-
tion rule, highlight its significance and derive the re-
quired modification of (1). Our work is thus build-
ing on the recent development,20,23–35 also by strength-
ening its quantum information theoretical facet. In
that respect, we would like to recall that entangle-
ment is an important resource for realizing quantum
cryptography,53,54 superdense coding55–58 and possibly
even quantum computing.59 Those applications clearly
necessitate quantification of entanglement and total cor-
relation in an operationally meaningful way.
Our comprehensive analysis of molecular systems even-
tually leads to two key results. First, taking into account
the fundamental particle number superselection rule re-
moves a major part of the correlation and entanglement
previously seen between molecular orbitals. Second, the
remaining correlation is mainly classical. Hence, the role
of entanglement in quantum chemistry needs to be re-
assessed and realizing quantum information processing
tasks with molecular systems might be more challenging
than expected.
The paper is structured as follows. In Section II we
briefly recall the quantum information theoretical con-
cepts of correlation and entanglement, introduce and
prove the particle number superselection rule and explain
how it affects entanglement and correlation. Section III
provides an analytic illustration of those concepts in the
form of elementary examples. In Section IV we quan-
tify the orbital correlation and its separation into quan-
tum and classical parts for the water, naphthalene and
dichromium molecules by exact numerical means.
II. QUANTUM INFORMATION THEORETICAL
CONCEPTS
This section is devoted to covering some important
concepts in quantum information theory that have great
relevance in orbital correlation and entanglement the-
ory. First, we present the definitions and measures for
different notions of correlation for distinguishable sys-
tems. Next, we show how the anticommutation prop-
erty of fermionic operators necessitates the introduction
of superselection rules, and then describe how these rules
affect what the physically accessible correlation and en-
tanglement is in a quantum state. Taking this into con-
sideration, we provide the operationally meaningful cor-
relation and entanglement measures that will be used
throughout the paper.
A. Total correlation, entanglement and classical
correlation
Let H be a finite-dimensional Hilbert space. A quan-
tum state can be represented by a density operator ρ act-
ing on H, which satisfies positivity (non-negative eigen-
values) and trace unity (Tr[ρ] = 1). Together they form
the convex set D of all density operators, with the ex-
treme points being the pure states, ρ ≡ |Ψ〉〈Ψ|. If the
system consists of two distinct subsystems, handled by
Alice and Bob, the Hilbert space can be split into a ten-
sor product, H = HA ⊗ HB . In this case all Hermitian
operators on each subsystem are physical observables.
The algebra of observables on the total system can be
written as the tensor product B(H) = B(HA) ⊗ B(HB).
For a physical observable O acting on H, its expectation
value with respect to a state ρ can be calculated as
〈O〉ρ = Tr[ρO]. (2)
If Alice wants to perform a local measurement corre-
sponding to OA ∈ B(HA), the expectation value of the
measurement outcome is
〈OA ⊗ 1B〉ρ = Tr[ρ(OA ⊗ 1B)]. (3)
Since such a measurement is essentially restricted to only
Alice’s subsystem, there exists a local description of the
quantum state, with respect to which the expectation of
any local operator OA is the same as (3). This is the
commonly used reduced density matrix defined as
ρA ≡ TrB [ρ], (4)
which satisfies
〈OA〉ρA = 〈OA ⊗ 1B〉ρ, ∀OA ∈ B(HA). (5)
The notion of correlation, classical or quantum me-
chanical, has deep connection to the notion of local
measurements.60 For a pair of observables OA and OB
acting on subsystems A and B, respectively, one can com-
pare the outcomes of separate or joint measurements, and
infer some aspects of correlation. For example, the cor-
relation function
Cρ(OA,OB) ≡ 〈OA ⊗OB〉ρ − 〈OA〉ρA〈OB〉ρB (6)
defined as the difference of expectation values between
joint and separate measurement, quantifies the correla-
tion in a state ρ with respect to a given pair of observ-
ables. The set of uncorrelated states is defined as those
states that are uncorrelated with respect to any pair of
observables OA ∈ B(HA) and OB ∈ B(HB):
Definition II.1. A density operator ρ represents an un-
correlated state if and only if
〈OA ⊗OB〉ρ = 〈OA〉ρA〈OB〉ρB , (7)
for any pair of operators OA and OB acting on subsys-
tems A and B, respectively. The set of uncorrelated states
is denoted by D0. A state ρ is called correlated if ρ /∈ D0.
3For a distinguishable bipartite system, Definition II.1
is equivalent to stating that an uncorrelated state ρ can
be written as a product state
ρ = ρA ⊗ ρB . (8)
Eq. (8) further implies that the uncorrelated states are
the ones that can be prepared locally by Alice and Bob. If
Alice and Bob can also communicate classically, they can
also prepare correlated states as probabilistic distribu-
tions of uncorrelated states, namely mixtures of product
states. The correlation contained in those states is purely
classical.61 Therefore the set of such separable states is
the same as all convex combinations of elements from D0
(see also Figure 1 for an illustration):
Definition II.2. A density operator ρ represents a sep-
arable state if and only if ρ ∈ Dsep ≡ Conv(D0), where
Conv(D0) denotes the convex hull of D0. A state ρ called
entangled if and only if ρ /∈ Dsep.
For pure states, the entanglement entropy is a (unique)
entanglement measure,60,62 defined as
E(|Ψ〉〈Ψ|) = S(ρA/B), (9)
where S is the von Neumann entropy
S(ρ) = −Tr[ρ ln(ρ)]. (10)
Notice that the reduced density matrix in (9) can refer
to either of the subsystems. This is due to the existence
of Schmidt decompositions in bipartite pure states, and
consequently ρA and ρB are isospectral. Unfortunately
this is no longer true if the total state is a mixed state,
and (9) is not a valid entanglement measure anymore.
This is obvious as one could simply consider mixed prod-
uct states ρA ⊗ ρB , which are uncorrelated and thus
also separable even if S(ρA) 6= 0. However, there is
a widely accepted total correlation measure for general
mixed states,22,37,63,64 namely the quantum mutual in-
formation
I(ρ) ≡ S(ρ||ρA ⊗ ρB) = S(ρA) + S(ρB)− S(ρ), (11)
where S(·||·) is the quantum relative entropy defined as
S(ρ||σ) ≡ Tr[ρ(ln(ρ)− ln(σ))]. (12)
The quantity (11) measures the amount of information
in the total state ρ that is not yet contained in the re-
duced states ρA, ρB .
65 Interestingly, for distinguishable
bipartite systems, (11) can be rewritten as
I(ρ) = min
σ∈D0
S(ρ||σ), (13)
where D0 is the set of uncorrelated states in Definition
II.1. That is, the mutual information of a state ρ is its
minimal distance to the set of uncorrelated states, mea-
sured by the quantum relative entropy. This appealing
ρ
σ*
E(ρ)
I(ρ)
C(ρ)
Uncorrelated Separable Entangled
D0
Dsep
FIG. 1. Schematic illustration of the space of quantum states,
including the uncorrelated (D0, black curve) and separable
states (Dsep, blue). The total correlation I (red dashed) and
entanglement E (red solid) of a state ρ is its distances to
D0 and Dsep, respectively, measured by the relative entropy.
The classical correlation C is the distance from the closest
separable state σ∗ to the closest product state (red dotted).
geometric interpretation of (11) is also illustrated in Fig-
ure 1. The geometric picture of quantum states leads in
the same fashion to an entanglement measure which is
valid for mixed states as well. This relative entropy of
entanglement of a state ρ is defined as its minimal dis-
tance to the set of separable states63 measured in terms
of the quantum relative entropy,
E(ρ) = min
σ∈Dsep
S(ρ||σ) = S(ρ||σ∗), (14)
where σ∗ denotes the closest separable state to ρ, as il-
lustrated in Figure 1. This measure for entanglement
has remarkable properties. First, the relative entropy of
entanglement of a pure state coincides with the von Neu-
mann entropy defined in (9).36 Second, it quantifies in
a pure state the number of standard units of entangle-
ment (“Bell pairs”) one can extract.62 Last but not least,
as an entropic measure that fits together perfectly with
the mutual information, it allows us to harness the rich
information theoretical meaning of entanglement.
Knowing the closest separable state66, the classical
correlation of ρ can be quantified geometrically, namely
as the distance from the closest separable state σ∗ to the
closest uncorrelated state ρA ⊗ ρB ,37
C(ρ) ≡ S(σ∗||ρA ⊗ ρB). (15)
The geometric picture of quantum states as well as the
measures for total correlation, entanglement and classical
correlation are illustrated in Figure 1.
A comment is in order concerning the relation between
the different types of correlation. In general, entangle-
ment and classical correlation do not sum to the total
correlation. This is because mixed quantum states typi-
cally contain quantum correlations beyond entanglement
as it is concisely described by the concept of quantum
discord.67 Moreover, a known exact relation including
quantum discord refers to an alternative definition of
4classical correlation which is more technical than our sim-
ple geometric one (see Eq. (15)).67 Due to its particular
significance for quantum information tasks and for the
sake of simplicity we focus in our work on entanglement,
however, and refer to it occasionally as quantum correla-
tion.
All these well-defined quantum information theoretical
concepts can be established in the context of indistin-
guishable particles as well, yet with some caveats. For
a respective detailed discussion we refer the reader to
Ref. 52. To follow here the most natural route for es-
tablishing a notion of entanglement and correlation in
fermionic quantum systems we consider the fermionic
Fock space F [H(1)] with a D-dimensional one-particle
Hilbert space H(1). In the context of quantum chemistry,
H(1) is typically defined by choosing a finite basis set of
spin-orbitals. To establish a notation of subsystems and
locality we split H1 into two (or more) complementary
subspaces,
H(1) = H(1)A ⊕H(1)B . (16)
For instance, this can be achieved by dividing the ref-
erence basis B = {|ϕj〉}Dj=1 of H(1) into two disjoint
subsets BA = {|ϕj〉}DAj=1, BB = {|ϕj〉}Dj=DA+1 of spin-
orbitals. By referring to second quantization with cre-
ation/annihiltion operators f
(†)
j , vacuum state |Ω〉 and
introducing the configuration states
|n1, . . . , nD〉 ≡
(
f†1
)n1
. . .
(
f†D
)nD |Ω〉 (17)
the presence of a tensor product structure in the total
Fock space F becomes apparent. Indeed, the splitting
|n1, . . . , nDA , nDA+1, . . . , nD〉 7→
|n1, . . . , nDA〉 ⊗ |nDA+1, . . . , nD〉 (18)
establishes a decomposition F = FA ⊗ FB and in that
sense gives rise to a notion of so-called orbital or mode
entanglement and correlation. It is worth noticing that
calculating the orbital reduced density operator ρA ≡
TrB [ρ] means to reduce out spin-orbitals rather than par-
ticles. As a consequence, ρA is a density matrix with in-
definite particle number “living” on the Fock space FA in-
volving spin-orbitals BA. Actually, a few subtleties arise
due to the fermionic anticommutation relations which
are concerned with the definition of local algebras and
reduced density matrices. They disappear, however, if
one takes into account the parity superselection rule.47,68
This fundamental rule of nature and its impact on the no-
tion of correlation and entanglement are explained in the
following.
B. Significance of the superselection rule
A key ingredient in the physics of fermionic systems
is the so-called parity superselection rule (P-SSR). In its
original form, P-SSR forbids superpositions of even and
odd fermion-numbers states. In a more modern version,
P-SSR states that the operators belonging to physically
measurable quantities must commute with the particle
parity operator. This means they have to be linear com-
binations of even degree monomials of the creation and
annihilation operators. This in turn implies that a su-
perposition of two pure states with even and odd parti-
cle numbers cannot be distinguished from an incoherent
classical mixture of those states, thus one recovers the
original formulation as a consequence.
The idea that the laws of nature impose P-SSR on
fermionic systems was originally derived based on group
theoretical arguments.49–51 However, the pertinence of
P-SSR is also obvious from the fundamental fact that
violation of P-SSR would lead to a violation of the no-
signaling theorem, as we will explain in the following.
The no-signaling theorem states that two spatially sepa-
rated parties cannot communicate faster than the speed
of light. To relate this to the P-SSR, let us assume
that two distant parties Alice and Bob could violate the
P-SSR. For our argument it is sufficient for Alice and
Bob to have each access to one mode (e.g., an atomic
spin-orbital). Their local Fock spaces are thus gener-
ated by the fermionic annihilation and creation opera-
tors (fA, f
†
A) and (fB , f
†
B), respectively. Assume now
that they can share the state |ψ〉AB = 1√2 (|0〉A|0〉B +
|0〉A|1〉B), which is a superposition of odd and even num-
ber states. The procedure for Alice to communicate
instantaneously one bit b = 0, 1 of classical informa-
tion to Bob would be the following (see also Figure 2):
both of them synchronize the clocks in their labs, and
they pre-decide to perform local operations at a partic-
ular time. If Alice wants to communicate 1, she does
nothing (i.e., formally applies the unitary U1 = 1), so
|ψ〉AB remains unchanged; to communicate 0, Alice ap-
plies the unitary U0 = i(f
†
A− fA), and the state becomes
|ψ′〉AB = i√2 (|1〉A|0〉B + |1〉A|1〉B). At the same instant
Bob measures the observable 12 (fB + f
†
B + 1). One eas-
ily verifies that in both cases b = 0, 1 the outcome of
that measurement is deterministic and will be nothing
else than the value of b. Hence, this proposed procedure
allows Alice to communicate instantaneously a bit b of
information in contradiction to the no-signaling theorem
and the laws of relativity.
Beside the parity superselection rule, it is often perti-
nent to consider superselection rules due to some experi-
mental limitations. One such rule is the fermion particle
number superselection rule (N-SSR). Measurable quan-
tities obeying N-SSR must commute with the particle
parity operators.50 This, in the form of lepton number
conservation, was once considered to be an exact sym-
metry of Nature. Recently, however, there have been in-
dications that fundamental Majorana particles may exist
which could lead to a violation of the N-SSR. Neverthe-
less, in a usual quantum chemistry set-up, we can safely
regard N-SSR to hold. In the following parts of the pa-
per we will in particular discuss the consequences of both
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FIG. 2. (a) Two spatially separated parties Alice and Bob
share a quantum state |ψ〉AB . (b) The protocol showing how
superluminal signaling is possible when parity superselection
rule is broken: Alice communicates the bit value b ∈ {0, 1}
by applying the corresponding unitary Ub, Bob measures the
observable M and obtains instantaneously that bit value, as
explained in the text.
superselection rules, but we assume that the N-SSR is
the more relevant one in quantum chemistry.
C. Taking into account the superselection rule
Having established the fundamental importance of su-
perselection rules, we will now elucidate how they af-
fect our description of quantum states, and consequently
change the physically accessible correlation and entan-
glement in a quantum state. Accordingly, the SSRs
will have important consequences for the realization of
quantum information processing tasks (e.g., for quantum
teleportation69,70).
In a word, SSRs are restrictions on local algebras of
observables, resulting in physical algebras AA and AB .
If the SSR is related to some locally conserved quantity
QA/B , then local operators must also preserve this quan-
tity. That is, all local observables satisfy
AA/B 3 OA/B =
∑
q
PqOA/BPq, (19)
where q ranges over all possible value of QA/B and
Pq’s are projectors onto the eigensubspaces, i.e. OA/B
are block diagonal in any eigenbasis of QA/B . It fol-
lows that different SSRs will lead to drastically different
AA/B . The fact that we cannot physically implement
every mathematical operator changes the accessibility of
quantum states. The fully accessible states are called the
physical states, and they satisfy
ρ =
∑
q,q′
Pq ⊗ Pq′ρPq ⊗ Pq′ , (20)
Quantum State 
Transfer
(SSRs)
Individual 
Molecules
Quantum 
Registers
Quantum 
Circuits
Measurements
U
FIG. 3. Schematic protocol for utilizing entanglement from
molecular systems (see text for more details).
or equivalently
[ρ,QA/B ] = 0. (21)
For a general state ρ which does not satisfy (21), we can
obtain its physical part by the following projection
ρQ ≡
∑
q,q′
Pq ⊗ Pq′ρPq ⊗ Pq′ . (22)
The physical state ρQ gives the same expectation value
as ρ for all physical observables. Therefore we can define
a new class of uncorrelated states to be the ones with
uncorrelated physical parts with respect to the physical
algebra:
DQ-SSR0 = {ρ | 〈OA ⊗OB〉ρ = 〈OA〉ρA〈OB〉ρB ,
∀OA ∈ AA,OB ∈ AB}.
(23)
It is clear that the new set of uncorrelated states includes
the one of the distinguishable setting, i.e. D0 ⊆ DQ-SSR0 .
Consequently also more states are deemed separable. Re-
lating to Figure 1, both the correlation and entangle-
ment measure become smaller in the presence of an SSR.
There are two key messages here. First of all, correlation
and entanglement are relative concepts. They depend
not only on the particular division of the total system
into two (or more) subsystems but also on the underlying
SSRs, which eventually defines the physical local algebras
of observables AA/B and the global algebra AA ⊗ AB .
Secondly, by ignoring the fundamentally important SSRs,
one may radically overestimate the amount of physical
correlation and entanglement in a quantum state.
One of the biggest motivation for correctly identifying
the amount of physical correlation and entanglement in
a quantum state is its value for information processing
tasks. An operationally meaningful quantification of en-
tanglement does not only reveal non-local properties of
a quantum state, but should also measure the amount
of resource that can be extracted for performing various
quantum information tasks mentioned in Section I. In
6Figure 3 we illustrate the schematic protocol for utiliz-
ing entanglement from molecular systems. The quantum
states of individual molecules are transferred to SSR-
free quantum registers with Hilbert spaces of equal or
higher dimensions, through local measurements and clas-
sical communication. A quantum circuit represented by
a unitary gate U in Figure 3 then acts on these quantum
register states to perform computations. Finally, the end
results of the computation are retrieved with carefully
designed measurements. The key step that limits the ex-
traction of entanglement is the transferring of the quan-
tum state, which is constrained by the underlying SSR41.
What remains on the quantum registers after the trans-
fer are the physical parts defined in Eq. (22). From this
perspective, the Q-SSR-constrained total correlation, en-
tanglement and classical correlation of a single system in
a state ρ follow as
IQ-SSR(ρ) = I(ρQ),
EQ-SSR(ρ) = E(ρQ),
CQ-SSR(ρ) = C(ρQ).
(24)
All quantum information theoretical concepts dis-
cussed so far refer to arbitrary separations of any system
of D ≥ 2 spin-orbitals into subsystems A and B which
are defined by spin-orbitals {|ϕj〉}DAj=1 and {|ϕj〉}Dj=DA+1,
respectively, according to (16). As far as the description
of electronic structure is concerned, there are two partic-
ularly relevant separations.20,25–35 To explain them, let
us first observe that the underlying one-particle Hilbert
space H(1) consists of orbital and spin degrees of free-
dom, i.e., H(1) ≡ H(1)l ⊗ H(1)s , where dim(H(1)l ) ≡ d,
dim(H(1)s ) ≡ 2 and dim(H(1)) ≡ D = 2d. The first parti-
tion picks one orbital |χ〉 ∈ H(1)l and then defines subsys-
tem A through the two spin-orbitals |χ〉 ⊗ |σ〉, σ =↑, ↓.
Subsystem B follows accordingly and comprises the re-
maining D−2 spin-orbitals. The corresponding measures
for entanglement and correlation can be referred to as
single-orbital entanglement and correlation. As we will
show in Section III A, the fact that the total N -electron
ground state of a molecular system is pure drastically
simplifies the respective measures and in particular leads
to closed formulas. The second more elaborated sepa-
ration quantifies entanglement and correlation between
two orbitals |χi〉, |χj〉 ∈ H(1)l . This means to first trace
out the complementary D − 4 spin-orbitals to obtain a
two-orbital reduced density matrix ρi,j which is “living”
on a sixteen-dimensional Fock space26,31 as illustrated in
Figure 4. Then, one applies to this new “total state” ρi,j
the formalism of bipartite entanglement and correlation
for the separation i↔ j (see also the subsequent section).
Finally, let us also illustrate how the SSRs are imple-
mented in the calculation of pairwise orbital entangle-
ment. According to the previous comments, particularly
Eq. (22), we just need to replace ρi,j by its physical part
ρQi,j . For the case of P-SSR and N-SSR this is illustrated
in Figure 4. ρPi,j is obtained by cutting out all light gray
                ↓             ↓                 ↑           ↑             ↓ ↓             ↑↓             ↓   ↑        ↑ ↓           ↑↓                   ↑   ↑      ↓ ↑ ↓            ↑ ↓ ↓          ↑   ↑↓          ↑ ↓ ↑              ↑ ↓↑ ↓ 
           
     ↓             
↓                 
     ↑             
↑                 
↓     ↓           
    ↑↓             
↓     ↑           
↑     ↓           
↑↓                   
↑     ↑           
↓   ↑ ↓             
↑ ↓  ↓              
↑   ↑ ↓             
↑ ↓  ↑              
↑ ↓ ↑ ↓   
N,m 3, 1/20, 0 2,−10, −1/2 2, 12, 0 4, 03, −1/21, 1/2
No SSR P-SSR N-SSR
FIG. 4. Illustration of two-orbital reduced density matrix ρi,j .
Most entries vanish due spin and particle symmetry (white).
According to (22) the P-SSR sets light gray entries to zero
while N-SSR removes in addition two entries (gray).
parts and ρNi,j follows after removing two additional en-
tries (gray).
III. ANALYTIC RESULTS
A. Closed Formulas for Entanglement and
Correlation
We first look at the single-orbital total correlation
and entanglement and assume a pure quantum state
ρ = |Ψ〉〈Ψ| for the total N -electron system (typically it
will be the ground state or an excited state of a molecular
system). The one-orbital reduced density matrix associ-
ated with the orbital |χj〉 is obtained by tracing out all
remaining orbitals71
ρj = Tr\{j}[|Ψ〉〈Ψ|] . (25)
We reiterate that the partial trace Tr\{j}[·] does not mean
to trace out particles but instead refers to the tensor
product in the second quantization, i.e., it exploits the
structure F = Fj⊗F\{j}. From a practical point of view,
the non-vanishing entries of the single-orbital reduced
density matrix can be determined by calculating expec-
tation values of |Ψ〉 involving only fermionic creation and
annihilation operators referring to orbital |χj〉. For more
details we refer the reader to Refs. 26, 31, and 71. Due
to the fixed particle number and the spin symmetry of
|Ψ〉 the one-orbital reduced density matrix will be always
diagonal in the local reference basis {|Ω〉, |↑〉, |↓〉, |↑↓〉} of
orbital |χj〉:
ρj =
p1 0 0 00 p2 0 00 0 p3 0
0 0 0 p4
 . (26)
7By referring to the so-called Schmidt decomposition, the
total state then takes the form
|Ψ〉 = √p1|Ω〉 ⊗ |ΨN,M 〉+√p2|↑〉 ⊗ |ΨN−1,M− 12 〉 (27)
+
√
p3|↓〉 ⊗ |ΨN−1,M+ 12 〉+
√
p4|↑↓〉 ⊗ |ΨN−2,M 〉,
where |Ψn,m〉 is a quantum state with particle number
n and magnetization m of the complementary subsystem
comprising the remaining D − 2 spin-orbitals. Now we
can readily determine the physical part ρQ in the pres-
ence of P-SSR or N-SSR. In the absence of SSRs, the
single-orbital entanglement of |Ψ〉 is simply given by the
von Neumann entropy of ρj , and the single-orbital total
correlation is simply twice the entanglement,
E(|Ψ〉〈Ψ|) = S(ρj) = −
4∑
i=1
pi ln(pi).
I(|Ψ〉〈Ψ|) = 2E(|Ψ〉〈Ψ|).
(28)
In the case of Q-SSR, we need to consider the physical
part ρQ of ρ = |Ψ〉〈Ψ|, which is no longer a pure state.
Consequently the single-orbital entanglement cannot be
quantified by the von Neumann entropy of ρj anymore.
Instead we have to invoke the geometric picture in Figure
1. We first calculate the physical states with respect to
P-SSR and N-SSR according to (22), and then their cor-
relation and entanglement are quantified using (11) and
(14). Explicit derivations are presented in Appendix A.
Remarkably, despite the fact that ρQ is not a pure state
anymore the single-orbital correlation and entanglement
under P-SSR and N-SSR still involves the spectrum of ρj
only:
I(ρP) = (p1 + p4) ln(p1 + p4) + (p2 + p3) ln(p2 + p3)
− 2(p1 ln(p1) + p2 ln(p2) + p3 ln(p3) + p4 ln(p4)),
I(ρN) = p1 ln(p1) + (p2 + p3) ln(p2 + p3) + p4 ln(p4)
− 2(p1 ln(p1) + p2 ln(p2) + p3 ln(p3) + p4 ln(p4)),
E(ρP) = (p1 + p4) ln(p1 + p4) + (p2 + p3) ln(p2 + p3)
− p1 ln(p1)− p2 ln(p2)− p3 ln(p3)− p4 ln(p4),
E(ρN) = (p2 + p3) ln(p2 + p3)− p2 ln(p2)− p3 ln(p3).
(29)
In particular, this implies immediately for both SSRs
(Q=P,N)
IQ-SSR(ρ) = EQ-SSR(ρ) + E(ρ). (30)
For the case of no SSR, this is consistent with Eq. (28).
As already explained in the previous section, the sec-
ond particularly relevant partitioning of the total system
leads to a notion of orbital-orbital correlation and entan-
glement. It is fully described by the two-orbital reduced
density matrix associated with orbital |χi〉 and |χj〉
ρi,j = Tr\{i,j}[|Ψ〉〈Ψ|]. (31)
For the specific case of a total system consisting of just
two orbitals, the only two-orbital “reduced” density op-
erator is given by the total (pure) state. Consequently,
the orbital-orbital correlation and entanglement thus co-
incide with the single-orbital ones and the above results
(28),(29) immediately apply. Due to the electron inter-
action, the two-orbital reduced density matrices ρi,j of
general systems are, however, not pure anymore. This
makes the calculation of orbital-orbital entanglement and
classical correlation highly non-trivial: According to the
definition of the relative entropy of entanglement (14)
one needs to minimize the distance between ρi,j and
σi,j ∈ Dsep which a priori involves 255 parameters. Yet,
ρi,j inherits particle and spin symmetries from the molec-
ular ground state ρ = |Ψ〉〈Ψ| which changes the general
situation drastically. As a consequence almost all of its
entries vanish as it is shown in Figure 4 (see also Refs. 26).
Based on elaborated ideas the respective minimization
(14) can be simplified accordingly by transferring those
symmetries to Dsep.72,73 The latter simplification eventu-
ally allows us to calculate in our work the entanglement
between |χ1〉, |χ2〉 ∈ H(1)l for any ρi,j .
In the following, we will illustrate those concepts in the
form of several analytical examples.
B. Single Electron State
At first glance it might seem somewhat bizarre to ex-
amine the correlation and entanglement in a system with
only one particle. However, the reader shall bear in mind
that the separation into subsystems is not referring to
particles but orbitals. The total Fock space F in our
case of two orbitals (|1〉, |2〉) has indeed a natural tensor
product structure between the Fock spaces of the first
and second orbital, i.e., F = F1 ⊗F2. Therefore the no-
tion of correlation and entanglement between two phys-
ically distinct orbitals is entirely legitimate even in the
case of one single electron.
In the following we consider the specific one-electron
state
|Ψ〉 = 1√
2
(f†1↑+f
†
2↑)|Ω〉 ≡
|↑〉 ⊗ |Ω2〉+ |Ω1〉 ⊗ |↑〉√
2
. (32)
Here, f†jσ denotes the fermionic creation operator for the
spin-orbital |jσ〉, j = 1, 2, σ =↑, ↓ and |Ω〉 and |Ω1/2〉
the global and local vacuum states, respectively. If the
SSRs are ignored, state (32) is certainly entangled. Yet,
as we will show now this entanglement is artificial since
it disappears when the P-SSR is taken into account. To
prove this, recall that the P-SSR physical part of ρ is
obtained by projecting onto fixed local parity sectors
ρP =
∑
τ,τ ′=odd, even
Pτ ⊗ Pτ ′ρPτ ⊗ Pτ ′
=
1
2
|Ω1〉〈Ω1| ⊗ |↑〉〈↑ |+ 1
2
|↑〉〈↑ | ⊗ |Ω2〉〈Ω2|,
(33)
which is correlated but not entangled. Indeed, it is a
classical mixture of two uncorrelated states.
8For the sake of completeness, we would like to stress
that for single electron states there is no difference be-
tween P-SSR and N-SSR. In particular for the state (32)
we find
ρN =
2∑
m,n=0
Pm ⊗ Pn ρPm ⊗ Pn (34)
=
1
2
|Ω1〉〈Ω1| ⊗ |↑〉〈↑ |+ 1
2
|↑〉〈↑ | ⊗ |Ω2〉〈Ω2| = ρP.
We present in Table I the orbital total correlation (“To-
tal”), entanglement (“Quantum”) and classical correla-
tion (“Classical”) between |1〉 and |2〉 contained in state
(32) which can easily be calculated based on the physical
states (33), (34).
No SSR P-SSR N-SSR
Total 2 ln(2) ln(2) ln(2)
Quantum ln(2) 0 0
Classical 0.208 ln(2) ln(2) ln(2)
TABLE I. Total, quantum and classical correlation between
the two orbitals in the one-electron state |Ψ〉 in (32), for the
case without SSR, with P-SSR and with N-SSR.
The number 0.208 in Table I is the constant ln(4/3)/2.
When P-SSR or N-SSR is present (they are equivalent in
the case of only one electron), all entanglement is wiped
out and all correlation is classical, as it is shown by the
second and third column. This striking example shows
that one can never extract any entanglement from a sin-
gle one-electron quantum state even if it appears at first
sight as being entangled.
C. Dissociated Hydrogen
Having studied the orbital-orbital correlation and en-
tanglement in a one-electron state, we now add a second
electron to our two-orbital system. As an example, we
consider the ground state of the hydrogen molecule in the
dissociation limit. The two orbital system now consists
of the 1s orbital at each nucleus (both orthonormal as we
assume almost infinite separation) and the ground state
follows as
|Ψ〉 = 1√
2
(f†1↑f
†
2↓ − f†1↓f†2↑)|Ω〉. (35)
In Table II we list the total correlation, entanglement and
classical correlation between |1〉 and |2〉. When no SSR
is considered, all three types of correlation equal those
of the one-electron state in Table I. However, in contrast
to the latter, the ground state |Ψ〉 of the dissociated hy-
drogen molecule is already a physical state, with respect
to both P-SSR and N-SSR. From (35) we infer that |Ψ〉
is a pure state with definite local parities (odd, odd) and
No SSR P-SSR N-SSR
Total 2 ln(2) 2 ln(2) 2 ln(2)
Quantum ln(2) ln(2) ln(2)
Classical 0.208 ln(2) 0.208 ln(2) 0.208 ln(2)
TABLE II. Total, quantum and classical correlation between
both orbitals |1〉, |2〉 in the dissociated hydrogen ground state
|Ψ〉 in (35), for the case without SSR, with P-SSR and N-SSR.
definite local particle numbers (1, 1). The projection (22)
therefore does not change the state |Ψ〉〈Ψ| and thus all
three types of correlation are unaffected by P-SSR and
N-SSR according to (24).
D. Hubbard Dimer
The dissociated hydrogen molecule described in the
previous section is a very special case with a definite local
particle number (and of course, parity). If we consider
intermediate bond length, however, different local parti-
cle number or parity sectors will start to mix, and hence
the behavior of the orbital correlation and entanglement
will be more interesting. To elaborate on this, we turn
to an elementary model system. The Hamiltonian of this
Hubbard dimer which comprises two sites reads
H = −t
∑
σ=↑,↓
f†1σf2σ + H.c. + U
∑
j=1,2
nˆj↑nˆj↓, (36)
where f
(†)
jσ are annihilation (creation) operators associ-
ated with a spin σ electron on site j = 1, 2. It is worth
recalling that small hopping rates t correspond to larger
inter-nuclei separations. The repulsive potential U pe-
nalizes any doubly occupied site, effectively describing
the Coulomb repulsion of two electrons in the same 1s
orbital. Exploiting the symmetries of (36) one easily de-
termines the ground state of the Hubbard dimer:
|Ψ〉 = a√
2
(f†1↑f
†
2↓ − f†1↓f†2↑)|Ω〉
+
b√
2
(f†1↑f
†
1↓ − f†2↓f†2↑)|Ω〉,
(37)
where
a =
√
W + U2
2W
, b =
2t√
2W
(
W + U2
) ,
W =
√
U2
4
+ 4t2.
(38)
The orbital-orbital total correlation I, entanglement E
and classical correlation C in the ground state (37) are
plotted in Figure 5, for the case without SSR, with P-
SSR and N-SSR52, as a function of the parameter t/U .
In this special case of just two orbitals in total and a
9pure state, the single-orbital and orbital-orbital correla-
tion and entanglement coincide.
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FIG. 5. Total correlation I (black), entanglement E (red)
and classical correlation C (blue) between both sites for the
ground state of the Hubbard dimer (36) as functions of the
ratio t/U . The curves for C and CP-SSR coincide.
In the case without any SSR, the orbital-orbital entan-
glement E (red solid) is exactly half of the total corre-
lation I. For finite t/U , i.e., when b > 0 in (37), P-SSR
and N-SSR drastically reduce the orbital-orbital total
correlation and entanglement, as is shown by the curves
corresponding to IP-SSR (black dashed), IN-SSR (black
dot-dashed), EP-SSR (red dashed) and EN-SSR (red dot-
dashed). N-SSR being the stronger rule, reduces corre-
lation and entanglement the most. However, when we
take t/U → 0, corresponding to the dissociation limit,
the effect of P-SSR and N-SSR disappears. This is due
to the vanishing coefficient b in (37) in the dissociation
limit, which results in a ground state that is physical in
the presence of both P-SSR and N-SSR, as it has already
been pointed out in Section III C.
All these previous elementary examples already re-
veal the drastic effect of SSRs on orbital correlation and
entanglement. In the following section we will apply
the quantum information theoretical concepts to systems
with more orbitals.
IV. NUMERICAL RESULTS
In this section we investigate the correlation and entan-
glement in the ground states of molecules. We consider
exemplarily three chemical systems, the water molecule
H2O, naphthalene C10H8 and the chromium dimer Cr2,
each containing different levels of correlation. Accurate
ground states are found by using the density matrix
renormalization group (DMRG) method as outlined in
the following Section IV A. The single-orbital and orbital-
orbital correlation and entanglement are studied in Sec-
tions IV B and IV C.
A. Computational details
In order to find a ground state, and from it com-
pute the required orbital reduced density matrices, we
start with a preceding Hartree-Fock calculation to estab-
lish the molecular orbitals. For our post-Hartree-Fock
DMRG calculation we construct an active space consist-
ing of the most relevant molecular orbitals and compute
integral elements with the one- and two-particle Hamil-
tonian T and V , respectively. Those respective integral
elements define the electronic Hamiltonian at hand by
referring to second quantization:
H =
∑
ijσ
Tijc
†
iσcjσ +
∑
ijklστ
Vijklc
†
iσc
†
jτ ckτ clσ . (39)
For our DMRG calculations we do not fix any molecu-
lar symmetries. Yet, the total particle number and the
z-component of the total spin are always assumed to be
conserved, with the latter one always fixed to be zero.
Furthermore, we did not employ exceedingly large active
spaces for two reasons. First, the ground states are al-
most exactly found, as it is shown below. Second, for
the purpose of demonstration, our findings do not quali-
tatively hinge on the tiny improvement found by resort-
ing to larger active spaces. In particular, the reduction
in correlation and entanglement due to the regularly ig-
nored superselection rules turns out to exceeds by several
orders of magnitude the truncation error of our active
spaces.
To obtain for each ground state |Ψ〉 the required one-
(ρj) and two-orbital reduced density matrices (ρi,j) we
trace all orbitals except one and two, respectively (re-
call Eqs. (25),(31)). In addition, we determine the one-
particle reduced matrix
γiσ,jτ ≡ 〈Ψ|c†jτ ciσ|Ψ〉, σ, τ =↑, ↓, (40)
whose eigenvalues (natural occupation numbers) provide
insights into the reference basis-independent intrinsic cor-
relation (as we will discuss below). Notice that γ is trace-
normalized to the particle number N .
The computations for the water molecule were done
using (6e, 8o), meaning a total of six active electrons and
eight active orbitals with a 6 − 31G(d) basis set. Other
orbitals are classified as either frozen (doubly occupied)
or virtual (hosting zero electrons). The inter-atomic dis-
tance between the oxygen and the hydrogen atoms is
given by 0.7567 A˚ while the angle between the atoms is
118◦. The system has converged fully to its FCI energy
E/Eh = −75.78608737 and therefore the DMRG wave-
function can be considered as being exact. The system
has a C2v symmetry, i.e., it is symmetrical with respect to
rotations around the oxygen atom in a plane and also has
a reflection symmetry with respect to the horizontal and
vertical planes. This decomposes the orbitals into sub-
groups labeled by irreducible representations of this point
group, whose one particle Hamiltonian matrix elements
to not couple to each other. The active Hartree-Fock
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FIG. 6. Matrix elements |Tij | of the one-particle Hamiltonian
with respect to the Hartree-Fock orbitals for H2O (left) and
C10H8 (right).
orbitals {1, 7, 8} belong to the B1 representation, while
{2, 3} belong to the A2 representation, and the remain-
ing orbitals {4, 5, 6} belong to the B2 representation. We
remark that the Hartree-Fock orbitals were reordered in
order to showcase these irreducible representations, as is
illustrated in Figure 6 (left). A similar reordering is also
performed for the naphthalene molecule.
The naphthalene molecule was done in a (10e, 10o)
set-up with a cc − pV DZ basis. The inter-atomic dis-
tances vary depending on the bond between 1.3701 A˚ and
1.4277 A˚ and angles between 118◦ and 120◦. With a fi-
nal energy of E/Eh = −383.50563350 it might also be
regarded as converged. The system has a D2h symme-
try meaning there is a rotation and inversion symmetry
and also invariance under reflection. Here the orbitals
{1, 2, 3} belonging to B3u, {4, 5} belonging to B2g, {6, 7}
belonging to Au and {8, 9, 10} belonging to B1g, split
the system into irreducible representations, as is shown
in Figure 6 (right).
Finally, for the chromium dimer with a separation dis-
tance of 1.68 A˚ a much larger active space of (12e, 28o)
depicted in a ANO-RCC-VTZP+RX2C basis is used due
to recover its increased correlation. The final DMRG
energy based on a bond dimension m = 2048 of the
underlying matrix product state ansatz is E/Eh =
−2099.30351824. The symmetry group of this molecule
is D∞h, i.e., the symmetry is much higher than for the
other two molecules. Here the first six orbitals belong to
Ag, orbitals {7, 8, 9} to B3u, {10, 11, 12} to B2u, {13, 14}
to B1g, {15, 16, 17, 18, 19, 20} to B1u, {20, 21, 22, 23} to
B2g, {24, 25, 26} to B3g and {27, 28} to Au.
B. Single-orbital entanglement and correlation
After having obtained the ground states of the desired
molecules, we can now explore single-orbital correlation
and entanglement by applying the respective formulas
from Section III A. Since the states ρ at hand are all
pure states, the single-orbital total correlation without
any SSR is always exactly twice the single-orbital en-
tanglement, as stated in (28). When P-SSR or N-SSR
is taken into account, the respective physical states ρP
and ρN are no longer pure, but in general mixtures of
fixed parity or particle number states. However, in the
form of Eq. (30) there still exists an exact relation be-
tween total correlation and entanglement in the presence
of SSRs. Because of this, we focus in this section on the
entanglement.
In Figure 7 we plotted the single-orbital entanglement
in the ground state of the H2O, C10H8 and Cr2, respec-
tively, for the case without SSR, with P-SSR and with
N-SSR, using the analytic formulas (28) and (29). Below
each figure we listed the exact values of single-orbital en-
tanglement in the absence of SSRs, and also the remain-
ing entanglement in the presence of P-SSR and N-SSR,
in percentage. All these results refer here and in the fol-
lowing to the Hartree-Fock orbitals which are for the sake
of completeness also visualized for H2O and C10H8.
Generally speaking, the single-orbital entanglement of
Hartree-Fock orbitals is quite small compared to the one
of atomic orbitals in a bond (see Sections III C and III D),
particularly for H2O and C10H8. This confirms that
the Hartree-Fock orbitals give rise to a much more local
structure than that the atomic orbitals and in that sense
define a much better starting point for high precision
ground state methods. Comparing the three systems, the
water molecule contains the weakest single-orbital entan-
glement, less than 10−1 for all eight orbitals, whereas the
strongest single-orbital entanglement in naphthalene and
the chromium dimer have the values 0.451 and 0.958, re-
spectively. This already emphasizes the different levels
of correlation in those systems. Yet, it is worth notic-
ing that any type of orbital entanglement and correla-
tion (e.g., single- or two-orbital entanglement) strongly
depends on the chosen reference basis. Even for a con-
figuration state (17) one could find large orbital entan-
glement and correlation if one referred to orbitals which
differ a lot from the natural orbitals.
To dwell a bit more on the concept of correlation, we
emphasize that a basis set-independent notion can be de-
fined in terms of the one-particle reduced density matrix
γ (40). To explain this, we first observe that for config-
uration states (17) γ has eigenvalues (natural occupation
numbers) all identical to one and zero, respectively. Ar-
ranging them in decreasing order gives rise to the so-
called “Hartree-Fock point” ~λHF ≡ (1, . . . , 1, 0, . . . , 0),
where the first N entries are 1, and the remaining D−N
are 0. The distance of the decreasingly ordered natural
occupation numbers ~λ ≡ (λα)Dα=1 ≡ spec↓(γ) to ~λHF,
dist1(~λ,~λ
HF) ≡
D∑
α=1
|λα − λHFα |
=
N∑
α=1
(1− λα) +
D∑
α=N+1
λα , (41)
defines an elementary measure for the intrinsic (i.e., ref-
erence basis-independent) correlation of a quantum state
ρ. As a matter of fact, one easily proves74,75 that the
overlap of an N -electron pure states |Ψ〉 with a configu-
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FIG. 7. Single-orbital entanglement of the Hartree-Fock orbitals (as visualized) in the ground states of H2O, C10H8 and Cr2
for the three cases of no, P- and N-SSR. Exact values of entanglement and the remaining entanglement in terms of percentage
of the No SSR case in the presence of P-SSR and N-SSR are listed in the table below each plot.
ration state built up from its N first natural spin-orbitals
|ϕα〉 fulfills,
1
2N
dist1(~λ,~λ
HF) ≤ 1−∣∣〈ϕ1, . . . , ϕN |Ψ〉∣∣2 ≤ 1
2
dist1(~λ,~λ
HF) .
(42)
This means that the maximized overlap of |Ψ〉 with
a configuration state (Slater determinant) approaches
the value one whenever ~λ is close to the “Hartree-Fock
point”. The closer a ground state |Ψ〉 is to the clos-
est configuration state, the more accurate will be the
Hartree-Fock approximation for the respective molecu-
lar system. Applying the measure (41) of intrinsic cor-
relation to the ground states of water, naphthalene and
chromium dimer yields the values 0.004, 0.025 and 0.084,
respectively. Those results comprehensively confirm that
the systems at hand are not that strongly correlated and
water in particular is weakly correlated. As our analysis
in the following section will show, the pairwise orbital en-
tanglement and correlation patter will be dominated by
the point group symmetries of the one-particle Hamilto-
nian T of the molecule as long as the intrinsic correlation
of the ground state is small enough.
From a quantum information perspective, the effect
of SSRs on the single-orbital entanglement is drastic.
The presence of P-SSR and N-SSR considerably reduces
the amount of physical entanglement. According to the
accompanying tables in Figure 7, P-SSR eliminates at
least 45% of it and occasionally even up to 87%. Taking
into account the more relevant N-SSR eliminates between
86% and 96%. Intriguingly, the entanglement hierarchy,
however, remains almost intact. That is, if one orbital
is more entangled with the rest than another orbital, the
same will likely hold in the presence of P-SSR and N-SSR.
It is also worth noting that even the stronger N-SSR does
never wipe out the entire entanglement, which we shall
see below can happen in the context of orbital-orbital
entanglement.
From a quantum chemistry point of view, in Figure 7
the single-orbital entanglement varies significantly from
orbital to orbital. In particular, some orbitals are barely
correlated with the others. This is a good indicator that
our chosen actives spaces were large enough to cover most
of the correlation contained in the three molecules. On
the other hand, if most orbitals were strongly entangled,
the respective active space probably would have been too
small. This is also the reason why the single-orbital cor-
relation could help to automate the selection of active
orbital spaces in quantum chemistry, as has been sug-
gested and worked out in Refs. 20 and 25. Our refined
analytic results (28) and (29) demonstrated in Figure 7
are able to identify exactly the quantum part of the total
correlation while also taking into account the important
superselection rules. These additional facets make pre-
cise the usage of quantum information theoretic concepts
in the context of quantum chemistry, and may offer new
perspectives into the selection of active space.
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FIG. 8. Total correlation, entanglement (“Quantum”) and
classical correlation between any two Hartree-Fock orbitals in
the ground state of H2O for the case with no, P- and N-SSR.
C. Orbital-orbital entanglement and correlation
To provide more detailed insights into the correlation
and entanglement structure of molecular ground states,
we also study the pairwise correlation and entanglement
between two orbitals. This can be done in general in
three steps: 1. Obtain the two-orbital reduced density
matrix ρi,j by tracing out all orbital degrees of freedom
but orbital i and j as described in (31). 2. Apply the
suitable projection to obtain the physical part ρQi,j of ρi,j
under Q-SSR, as explained in Section II C. 3. Calculate
the correlation and entanglement between the two orbital
using (24).
It is worth recalling that the two-orbital reduced den-
sity matrices ρi,j are typically highly mixed, which is
due to the coupling between different Hartree-Fock or-
bitals in the Hamiltonian (39). The total correlation for
a mixed state, measured by the distance to the closest
uncorrelated state (13), can always be calculated analyt-
ically, as it coincides with the quantum mutual informa-
tion (11). However, the entanglement quantified as the
distance to the closest separable state (14) is immensely
difficult to obtain by analytic means due to two reasons.
One is the challenge imposed by the high dimensionality,
even if we are interested in the entanglement between
just two orbitals. The respective total system in that
case has a Hilbert space isomorphic to C4 ⊗C4 (see also
Figure 4). A generic density matrix is then described
by 16 × 16 − 1 = 255 real-valued parameters. In order
to find the closest separable state to a two-orbital state
ρi,j , one already needs to navigate through 255 parame-
ters. The second difficulty lies in the complexity of the
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FIG. 9. Total correlation, entanglement (“Quantum”) and
classical correlation between any two Hartree-Fock orbitals in
the ground state of C10H8 for the case with no, P- and N-SSR.
boundary of the set of separable states Dsep. Determin-
ing whether a state is separable or not is an NP-hard
problem.76 This also explains why exact criteria for sep-
arability are know so far only for Hilbert spaces with
dimensions up to 2 × 3.77,78 In some cases when the to-
tal state exhibits many symmetries, the closest separable
state for the two-orbital reduced state can still be found
analytically.73 In general, however, one has no choice but
to resort to a combination of analytic tools and numeri-
cal methods, which is exactly what we did to obtain the
results for orbital-orbital correlation and entanglement.
The quantities we calculate are the total correla-
tion, entanglement and classical correlation between two
Hartree-Fock orbitals, for the case without SSR, with P-
SSR and with N-SSR. All those nine quantities are cal-
culate for all pairwise combinations of orbitals, for the
ground states of all three molecules introduced in Sec-
tion IV A. Since each ground state is a singlet with a
fixed electron number, any two-orbital reduced state ρi,j
is also symmetric with respect to the total two-orbital
spin, magnetization and particle number.73 Using the
symmetry argument,72 the closest separable state σ∗i,j is
block diagonal in the simultaneous eigenbasis of the re-
spective two-orbital spin and particle number operators
(as also illustrated in Figure 4). In the case of N-SSR, the
projections used for calculating the physical state further
increase the symmetry of σ∗i,j , which eventually allows us
to determine it analytically.73 For the case without SSR
and with P-SSR, we developed an algorithm based on
semidefinite programming to find the closest separable
state and calculate the entanglement in an numerically
exact way.73
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FIG. 10. Total correlation, entanglement (“Quantum”) and
classical correlation between any two Hartree-Fock orbitals in
the ground state of Cr2 for the case with no, P- and N-SSR.
In Figure 8, 9 and 10 we present the different types
of correlation of the ground state of H2O constructed
with 8 orbitals, C10H8 with 10 orbitals and Cr2 with 28
orbitals, respectively. In Figure 11 we list the exact value
of orbital-orbital entanglement and the fraction of the
entanglement (in %) which is remaining in the presence
of the P-SSR and N-SSR, respectively.
There are several important messages to get across.
First of all, similar to the results for the single-orbital
entanglement, the water molecule contains the weakest
orbital-orbital correlation, and the chromium dimer the
strongest. Most importantly, our comprehensive analysis
then reveals that the quantum part of the total correla-
tion plays only a minor role. In fact, the orbital-orbital
entanglement is usually one order of magnitude smaller
than the total correlation, and the molecular structure is
thus dominated by classical correlation. This key result
of our analysis emphasizes that the quantum mutual in-
formation (1) is not a suitable tool for quantifying orbital
entanglement, as it leads to a gross overestimation. From
a general point of view, our findings raise questions about
the significance of entanglement in chemical bonding and
quantum chemistry in general.
Similar to the single-orbital entanglement, SSRs also
have a drastic effect on the orbital-orbital entanglement,
yet in a qualitatively different way. In the molecular sys-
tems we considered, P-SSR preserved almost all of the
orbital-orbital entanglement, whereas in the case of N-
SSR, almost no orbital-orbital entanglement is left, and
consequently almost all orbital-orbital correlation is clas-
sical. Furthermore, in some instances even the entire
orbital-orbital entanglement is destroyed by the N-SSR.
Referring to Figure 4, this indicates that most of the con-
tribution to orbital-orbital correlation and entanglement
comes from superposing f†i↓f
†
i↑|Ω〉 and f†j↓f†j↑|Ω〉, which
are marked as the dark grey blocks. These states describe
either empty or doubly occupied orbitals. In fact, in all
three molecules, single excitations are highly suppressed
in any of the molecular orbitals we consider. This is qual-
itatively different to the analysis of a single bond in Sec-
tion III C which was referring to localized atomic orbitals,
each singly occupied. In agreement with valence bonding
theory, this observation confirms that two-orbital corre-
lation and entanglement are suitable tools for describ-
ing bonding orders only if they are applied to localized
atomic orbitals.
Lastly, we would like to relate the orbital-orbital cor-
relation pattern to the one-particle Hamiltonian T . Due
to the point group symmetry arising from the molecular
geometry, T represented with respect to the active molec-
ular orbitals is block-diagonal. This is well illustrated in
Figure 6 not showing any coupling in T between Hartree-
Fock orbitals belonging to different irreducible symmetry
sectors. Exploiting this structure can improve the imple-
mentation of numerical methods such as DMRG. Yet, the
orbital-orbital correlation patterns inherit that structure
only in case the respective ground state is weakly corre-
lated. For the three molecules studied in our work, this is
only the case for the water molecule in agreement to its
weak intrinsic correlation as quantified by (41). For the
other two molecules the more dominant electron-electron
interaction results in a major deviation of the orbital-
orbital correlation patterns. To confirm these claims,
we plotted the orbital-orbital total correlation similar to
the top-left cells in Figure 8 and 9, with the same ref-
erence orbitals but with the electron-electron interaction
switched off in Figure 12. We can see that the correlation
patterns now match well the respective structures of the
one-particle Hamiltonians in Figure 6. As a result, much
care is needed when using the one-particle Hamiltonian
to achieve a localized orbital arrangement, as the unper-
turbed orbital-orbital correlation and entanglement pat-
terns might be completely scrambled by electron-electron
interaction.
V. SUMMARY AND CONCLUSION
A series of recent studies20,21,23–35 has established the
quantum mutual information between orbitals as a ma-
jor descriptor for electronic structure. Our work adds
two important missing facets to this promising recent de-
velopment: The separation of the total correlation into
classical and quantum parts and their quantification in
an operational meaningful way, as required for applica-
tions in the quantum information sciences.
For this, we have first observed that the quantum mu-
tual information is not an appropriate tool for quantify-
ing the “orbital entanglement”. It namely accounts for
both quantum and classical correlation. As part of a re-
fined discussion of quantum information theoretical con-
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H2O C10H8 Cr2
# / P N # / P N # / P N # / P N # / P N
(1, 7) 0.006 81.4% 32.0% (3, 4) 0.012 100% 100% (7, 10) 0.011 100% 100% (7, 9) 0.025 100% 100% (11, 18) 0.001 97.5% 97.5%
(1, 8) 0.003 97.5% 1.1% (3, 5) 0.001 100% 0% (8, 9) 0.002 96.7% 96.7% (7, 11) 0.006 100% 100% (12, 15) 0.011 31.5% 31.4%
(2, 3) 0.026 99.7% 12.0% (3, 7) 0.013 100% 0% (8, 10) 0.002 98.8% 0% (7, 25) 0.005 100% 100% (12, 16) 0.005 39.3% 39.3%
(5, 6) 0.017 97.1% 22% (3, 8) 0.002 100% 100% (9, 10) 0.009 99.8% 83.8% (8, 9) 0.005 100% 100% (16, 20) 0.009 33.5% 33.4%
(5, 8) 0.003 100% 0% (3, 10) 0.022 100% 0% (1, 4) 0.001 52.6% 52.6% (8, 19) 0.003 0.8% 0.8% (17, 18) 0.013 61.7% 0%
(1, 2) 0.002 96.6% 96.6% (4, 5) 0.006 96.4% 3.7% (2, 6) 0.012 24.3% 24.2% (8, 25) 0.001 100% 100% (18, 19) 0.051 100% 0%
(1, 3) 0.008 99.8% 85.5% (4, 6) 0.004 100% 100% (3, 7) 0.018 25.8% 21.3% (8, 26) 0.001 2.5% 1.7% (18, 20) 0.074 100% 0%
(1, 4) 0.011 100% 95.6% (4, 7) 0.076 100% 0% (4, 5) 0.033 32.7% 32.5% (9, 10) 0.291 100% 0% (18, 21) 0.053 100% 0%
(1, 5) 0.003 100% 100% (4, 8) 0.002 100% 100% (4, 6) 0.001 100% 100% (9, 11) 0.006 100% 100% (18, 24) 0.002 100% 0%
(1, 6) 0.003 100% 0% (4, 10) 0.015 100% 0% (4, 8) 0.040 100% 0.6% (9, 13) 0.012 32.3% 24.1% (18, 26) 0.001 100% 0%
(1, 8) 0.002 100% 0.4% (5, 6) 0.012 100% 0% (5, 6) 0.002 100% 100% (9, 18) 0.003 100% 100% (18, 27) 0.001 99.1% 22.3%
(1, 9) 0.073 100% 0% (5, 7) 0.003 100% 100% (5, 8) 0.031 100% 0% (9, 25) 0.005 100% 100% (19, 26) 0.011 24.7% 24.6%
(2, 3) 0.004 95.6% 0% (5, 8) 0.001 100% 0% (5, 10) 0.001 100% 100% (10, 12) 0.006 100% 100% (21, 24) 0.012 24.3% 24.3%
(2, 4) 0.001 100% 0% (5, 9) 0.004 100% 0% (6, 7) 0.304 100% 0% (10, 14) 0.011 24.2% 24.1% (21, 25) 0.004 1.0% 1.0%
(2, 5) 0.002 100% 100% (6, 7) 0.004 95.4% 5.5% (6, 10) 0.025 100% 100% (10, 22) 0.001 100% 100% (22, 23) 0.032 33.2% 33.0%
(2, 6) 0.002 100% 0% (6, 8) 0.001 100% 100% (6, 12) 0.006 100% 100% (11, 12) 0.092 100% 0% (22, 25) 0.031 100% 0%
(2, 7) 0.002 100% 100% (6, 9) 0.003 100% 100% (6, 22) 0.001 100% 100% (11, 15) 0.004 100% 17.4% (23, 25) 0.040 100% 0.7%
(2, 8) 0.005 100% 0% (6, 10) 0.001 100% 0% (6, 23) 0.001 100% 100% (11, 16) 0.002 100% 0% (23, 28) 0.001 52.6% 52.6%
(2, 9) 0.004 100% 0.6% (7, 9) 0.010 100% 97.8% (7, 8) 0.006 100% 100% (11, 17) 0.005 31.6% 27.9% (24, 25) 0.001 3.7% 1.1%
(2, 10) 0.002 100% 100%
FIG. 11. Exact values of the orbital-orbital entanglement (≥ 0.001) without SSR (/) and the fraction of it (in %) remaining in
the presence of P-SSR (P) and N-SSR (N), for the ground states of H2O, C10H8 and Cr2.
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FIG. 12. Orbital-orbital total correlation without SSR for
H2O (left) and C10H8 (right) with the electron-electron inter-
action switched off.
cepts, we presented a framework for separating orbital
correlation into its quantum and classical parts. In par-
ticular we succeed in calculating the orbital entanglement
which is typically a notoriously difficult task.
Anticipating future applications in the quantum infor-
mation sciences, we quantified entanglement and corre-
lation in an operationally meaningful way and compre-
hensively explained how the formula (1) for the quantum
mutual information then needs to be modified. For this,
we introduced and explained the number parity (P-SSR)
and particle number (N-SSR) superselection rule. In the
form of a communication protocol illustrated in Figure 3
we provided an elementary justification of the SSRs: The
violation of an SSR would make superluminal signaling
possible in contradiction to the laws of relativity. How-
ever, as far as electronic structure theory is concerned,
the correlation measure (1) has its merits as well: Since
it refers to larger algebras of observables (including un-
physical ones) it provides more insights into the structure
of molecular ground states than the operationally mean-
ingful variant (24).
Equipped with our distinctive measures we can even-
tually quantify the total correlation, entanglement and
classical correlation (covering all three cases, i.e., no, P-
and N-SSR) between orbitals. After an analytic illustra-
tion in Section III, we quantified in Section IV the dif-
ferent correlation types exemplarily in the ground states
of the water, naphthalene and dichromium molecule in a
numerically exact way. Our findings as presented in Fig-
ures 7-10 reveal the following: (i) Compared to the cor-
relation between two (orthonormalized) atomic orbitals
in single bonds (order 2 ln 2), the correlation between
most Hartree-Fock orbitals is quite small. This high-
lights the well-known fact that Hartree-Fock orbitals are
a much better starting point for high precision ground
state methods than atomic orbitals. (ii) Taking into ac-
count the important N-SSR has a drastic effect. It re-
duces the correlation and entanglement of one orbital
with the remaining ones by about 86-96%. The effect
on the two orbital level is significant as well but varies
a lot more namely between no reduction and total can-
celation (see Figure 11). Those particular findings raise
first doubts about the usefulness of molecular systems as
a source for correlation and entanglement. This conclu-
sion may change to some extent, however, if one refers
to localized atomic orbitals instead of delocalized molec-
ular orbitals. (iii) The overwhelming part of the total
15
correlation between molecular orbitals is classical. This
immediately raises questions about the role of entangle-
ment in the description of chemical bonds and quantum
chemistry in general.
Finally, we speculate that a possible comprehensive
validation of the latter point (iii) in future studies could
have transformative consequence: The recent endeavor79
to solve the electron correlation problem on a quantum
computer would possibly loose a part of its motivation:
Determining optimal reference molecular orbitals would
turn this fundamental problem almost into a classical one
and in that sense reflect well the philosophy of conven-
tional molecular bonding theory.
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Appendix A: Deriving Formulas for the
Single-Orbital Correlation and Entanglement
This section is devoted to deriving the formulas in
Eq. (29) for the single-orbital correlation and entangle-
ment under P-SSR and N-SSR. In Section II C we defined
the physical part of a quantum state ρ under P-SSR and
N-SSR using the projections
ρP =
∑
τ,τ ′=odd,even
Pτ ⊗ Pτ ′ρPτ ⊗ Pτ ′ ,
ρN =
ν∑
m=0
ν′∑
n=0
Pm ⊗ PnρPm ⊗ Pn,
(A1)
where ν and ν′ are the maximal particle numbers allowed
on the local subsystems. The total correlation and en-
tanglement available in ρ given the local algebras of ob-
servables are restricted by P-SSR and N-SSR, are quan-
tified as the total correlation and entanglement in ρP and
ρN respectively, without the restrictions of superselection
rules, according to (24).
By referring to the splitting between orbital j and the
remaining ones, resulting in factorizing the total Fock
space as F = Fj ⊗ F\{j}, and also assuming particle
number and spin symmetries, the ground state |Ψ〉 of the
total system admits the following Schmidt decomposition
|Ψ〉 = √p1|Ω〉 ⊗ |ΦN,M 〉+√p2|↑〉 ⊗ |ΦN−1,M− 12 〉 (A2)
+
√
p3|↓〉 ⊗ |ΦN−1,M+ 12 〉+
√
p4|↑↓〉 ⊗ |ΦN−2,M 〉.
If we consider the P-SSR, the coherent terms between
different local parity sectors are excluded according to
Eq. (22) and Figure 4, leading to the physical state
ρP = (p1 + p4)|Ψeven〉〈Ψeven|+ (p2 + p3)|Ψodd〉〈Ψodd|,
(A3)
where ρ = |Ψ〉〈Ψ| and
|Ψeven〉 ≡
√
p1
p1 + p4
|Ω〉 ⊗ |ΦN,M 〉
+
√
p4
p1 + p4
|↑↓〉 ⊗ |ΦN−2,M 〉,
|Ψodd〉 ≡
√
p2
p2 + p3
|↑〉 ⊗ |ΦN−1,M− 12 〉
+
√
p3
p2 + p3
|↓〉 ⊗ |ΦN−1,M+ 12 〉.
(A4)
Similarly for N-SSR, the physical state is
ρN = p1|Ψ0〉〈Ψ0|+(p2+p3)|Ψ1〉〈Ψ1|+p4|Ψ2〉〈Ψ2|, (A5)
where
|Ψ0〉 ≡ |Ω〉 ⊗ |ΦN,M 〉,
|Ψ1〉 ≡ |Ψodd〉,
|Ψ2〉 ≡ |↑↓〉 ⊗ |ΦN−2,M 〉.
(A6)
To calculate the total correlation, we first determine the
spectra of the respective reduced density matrices ρPj ,
ρP\{j} and ρ
N
j , ρ
N
\{j}. Due to the highly symmetric total
state, all four matrices are isospectral as ρ1 in (26). Using
the definition of the quantum mutual information in (11)
we obtain
I(ρP) = (p1 + p4) ln(p1 + p4) + (p2 + p3) ln(p2 + p3)
−2(p1 ln(p1) + p2 ln(p2) + p3 ln(p3) + p4 ln(p4)),
I(ρN) = p1 ln(p1) + (p2 + p3) ln(p2 + p3) + p4 ln(p4)
−2(p1 ln(p1) + p2 ln(p2) + p3 ln(p3) + p4 ln(p4)).
(A7)
For the single-orbital entanglement, we use the result ob-
tained in Ref. 73, which allows us, given certain criteria
are met, to separate the single-orbital entanglement into
the entanglement of its pure state decomposition,
E(ρP) = (p1 + p4)E(|Φeven〉〈Φeven|)
+ (p2 + p3)E(|Φodd〉〈Φodd|),
E(ρN) = (p2 + p3)E(|Φodd〉〈Φodd|).
(A8)
Using the von Neumann entropy in (9) as the entangle-
ment measure for pure states, the single-orbital entangle-
ment in the presence of P-SSR and N-SSR is also deter-
mined solely by the spectrum of the one-orbital reduced
16
density matrix,
E(ρP) = (p1 + p4) ln(p1 + p4) + (p2 + p3) ln(p2 + p3)
− p1 ln(p1)− p2 ln(p2)− p3 ln(p3)− p4 ln(p4).
E(ρN) = (p2 + p3) ln(p2 + p3)− p2 ln(p2)− p3 ln(p3).
(A9)
∗ c.schilling@physik.uni-muenchen.de
1 L. Amico, R. Fazio, A. Osterloh, and V. Vedral, “Entan-
glement in many-body systems,” Rev. Mod. Phys. 80, 517
(2008).
2 J. Eisert, M. Cramer, and M. B. Plenio, “Colloquium:
Area laws for the entanglement entropy,” Rev. Mod. Phys.
82, 277 (2010).
3 T. J. Osborne and M. A. Nielsen, “Entanglement in a sim-
ple quantum phase transition,” Phys. Rev. A 66, 032110
(2002).
4 A. Osterloh, L. Amico, G. Falci, and R. Fazio, “Scaling of
entanglement close to a quantum phase transition,” Nature
416, 608–610 (2002).
5 G. Vidal, J. I. Latorre, E. Rico, and A. Kitaev, “Entan-
glement in quantum critical phenomena,” Phys. Rev. Lett
90, 227902 (2003).
6 P. Calabrese and J. Cardy, “Entanglement entropy and
quantum field theory,” J. Stat. Mech.: Theory Exp 2004,
P06002 (2004).
7 H. Li and F. D. M. Haldane, “Entanglement spectrum as
a generalization of entanglement entropy: Identification of
topological order in non-abelian fractional quantum Hall
effect states,” Phys. Rev. Lett 101, 010504 (2008).
8 A. Kitaev and J. Preskill, “Topological entanglement en-
tropy,” Phys. Rev. Lett 96, 110404 (2006).
9 M. Levin and X.-G. Wen, “Detecting topological order in
a ground state wave function,” Phys. Rev. Lett 96, 110405
(2006).
10 S. R. White, “Density matrix formulation for quantum
renormalization groups,” Phys. Rev. Lett 69, 2863 (1992).
11 U. Schollwo¨ck, “The density-matrix renormalization group
in the age of matrix product states,” Ann. Phys. 326, 96
(2011).
12 S. R. White and R. L. Martin, “Ab initio quantum chem-
istry using the density matrix renormalization group,” J.
Chem. Phys. 110, 4127 (1999).
13 S. Daul, I. Ciofini, C. Daul, and S. R. White, “Full-CI
quantum chemistry using the density matrix renormaliza-
tion group,” Int. J. Chem. Phys. 79, 331 (2000).
14 A. O. Mitrushenkov, G. Fano, F. Ortolani, R. Linguerri,
and P. Palmieri, “Quantum chemistry using the density
matrix renormalization group,” J. Chem. Phys. 115, 6815
(2001).
15 G. Chan and S. Sharma, “The density matrix renormal-
ization group in quantum chemistry,” Annu. Rev. Phys.
Chem. 62, 465 (2011).
16 S. Wouters and D. Van Neck, “The density matrix renor-
malization group for ab initio quantum chemistry,” Eur.
Phys. J. D 68, 272 (2014).
17 S. Szalay, M. Pfeffer, V. Murg, G. Barcza, F. Verstraete,
R. Schneider, and O¨. Legeza, “Tensor product meth-
ods and entanglement optimization for ab initio quantum
chemistry,” Int. J. Quant. Chem. 115, 1342 (2015).
18 J. Rissler, R. M. Noack, and S. R. White, “Measur-
ing orbital interaction using quantum information theory,”
Chem. Phys. 323, 519 – 531 (2006).
19 D. Ghosh, J. Hachmann, T. Yanai, and G. K.-L. Chan,
“Orbital optimization in the density matrix renormaliza-
tion group, with applications to polyenes and β-carotene,”
J. Chem. Phys. 128, 144117 (2008).
20 G. Barcza, O¨. Legeza, K. H. Marti, and M. Reiher,
“Quantum-information analysis of electronic states of dif-
ferent molecular structures,” Phys. Rev. A 83, 012508
(2011).
21 C. Krumnow, L. Veis, O¨. Legeza, and J. Eisert, “Fermionic
orbital optimization in tensor network states,” Phys. Rev.
Lett 117, 210402 (2016).
22 G. Lindblad, “Entropy, information and quantum mea-
surements,” Commun. Math. Phys 33, 305–322 (1973).
23 C. J. Stein and M. Reiher, “Automated selection of active
orbital spaces,” J. Chem. Theory Comput. 12, 1760 (2016).
24 C. J. Stein and M. Reiher, “Automated identification of
relevant frontier orbitals for chemical compounds and pro-
cesses,” CHIMIA Int. J. Chem. 71, 170–176 (2017).
25 K. Boguslawski, P. Tecmer, O¨. Legeza, and M. Reiher,
“Entanglement measures for single-and multireference cor-
relation effects,” J. Phys. Chem. Lett 3, 3129–3135 (2012).
26 K. Boguslawski, P. Tecmer, G. Barcza, O¨. Legeza, and
M. Reiher, “Orbital entanglement in bond-formation pro-
cesses,” J. Chem. Theory Comput. 9, 2959–2973 (2013).
27 M. Mottet, P. Tecmer, K. Boguslawski, O¨. Legeza,
and M. Reiher, “Quantum entanglement in carboncar-
bon, carbon-phosphorus and silicon-silicon bonds,” Phys.
Chem. Chem. Phys. 16, 8872–8880 (2014).
28 L. Freitag, S. Knecht, S. F. Keller, M. G. Delcey,
F. Aquilante, T. Bondo Pedersen, R. Lindh, M. Reiher,
and L. Gonza´lez, “Orbital entanglement and casscf analy-
sis of the Ru-NO bond in a ruthenium nitrosyl complex,”
Phys. Chem. Chem. Phys. 17, 14383–14392 (2015).
29 C. Duperrouzel, P. Tecmer, K. Boguslawski, G. Barcza,
O¨. Legeza, and P. W. Ayers, “A quantum informational
approach for dissecting chemical reactions,” Chem. Phys.
Lett 621, 160 – 164 (2015).
30 Y. Zhao, K. Boguslawski, P. Tecmer, C. Duperrouzel,
G. Barcza, O¨. Legeza, and P. W. Ayers, “Dissecting
the bond-formation process of d10-metal-ethene complexes
with multireference approaches,” Theor. Chem. Acc. 134,
120 (2015).
31 K. Boguslawski and P. Tecmer, “Orbital entanglement in
quantum chemistry,” Int. J. Quantum Chem. 115, 1289
(2015).
32 S. Szalay, G. Barcza, T. Szilva´si, L. Veis, and O¨. Legeza,
“The correlation theory of the chemical bond,” Sci. Rep 7,
1–10 (2017).
33 C. J. Stein and M. Reiher, “Measuring multi-
17
configurational character by orbital entanglement,”
Mol. Phys. 115, 2110–2119 (2017).
34 C. Stemmle, B. Paulus, and O¨. Legeza, “Analysis
of electron-correlation effects in strongly correlated sys-
tems (N2 and N2
+) by applying the density-matrix
renormalization-group method and quantum information
theory,” Phys. Rev. A 97, 022505 (2018).
35 J. Brandejs, L. Veis, S. Szalay, G. Barcza, J. Pittner,
and O¨. Legeza, “Quantum information-based analysis of
electron-deficient bonds,” J. Chem. Phys 150, 204117
(2019).
36 L. Henderson and V. Vedral, “Information, relative entropy
of entanglement, and irreversibility,” Phys. Rev. Lett 84,
2263 (2000).
37 L. Henderson and V. Vedral, “Classical, quantum and total
correlations,” J. Phys. A 34, 6899 (2001).
38 B. Groisman, Sandu P., and A. Winter, “Quantum, classi-
cal, and total amount of correlations in a quantum state,”
Phys. Rev. A 72, 032317 (2005).
39 In more recent works such as Ref. 34 this has been under-
stood as well. Yet, no further work has been done along
those lines and the term entanglement is still often used as
an incorrect synonym for total correlation.
40 H. M. Wiseman and J. A. Vaccaro, “Entanglement of indis-
tinguishable particles shared between two parties,” Phys.
Rev. Lett 91, 097902 (2003).
41 S. D. Bartlett and H. M. Wiseman, “Entanglement con-
strained by superselection rules,” Phys. Rev. Lett 91,
097903 (2003).
42 H. M. Wiseman, S. D. Bartlett, and J. A. Vaccaro, “Fer-
reting out the fluffy bunnies: Entanglement constrained by
generalized superselection rules,” in Laser Spect. (World
Scientific, 2004) pp. 307–314.
43 M.-C. Banuls, J. I. Cirac, and M. M. Wolf, “Entanglement
in fermionic systems,” Phys. Rev. A 76, 022311 (2007).
44 M.-C. Banuls, J. I. Cirac, and M. M. Wolf, “Entanglement
in systems of indistinguishable fermions,” in J. Phys. Conf.
Ser., Vol. 171 (IOP Publishing, 2009) p. 012032.
45 N. Friis, A. R. Lee, and D. E. Bruschi, “Fermionic-mode
entanglement in quantum information,” Phys. Rev. A 87,
022338 (2013).
46 V Eisler and Z Zimbora´s, “On the partial transpose
of fermionic gaussian states,” New J. Phys. 17, 053048
(2015).
47 N. Friis, “Reasonable fermionic quantum information the-
ories require relativity,” New J. Phys. 18, 033014 (2016).
48 C. Spee, K. Schwaiger, G. Giedke, and B. Kraus, “Mode
entanglement of gaussian fermionic states,” Phys. Rev. A
97, 042325 (2018).
49 G. C. Wick, A. S. Wightman, and E. P. Wigner, “The
intrinsic parity of elementary particles,” Phys. Rev. 88,
101 (1952).
50 G. C. Wick, A. S. Wightman, and E. P. Wigner, “Super-
selection rule for charge,” Phys. Rev. D 1, 3267 (1970).
51 G. C. Wick, A. S. Wightman, and E. P. Wigner, “The in-
trinsic parity of elementary particles,” in Part I: Particles
and Fields. Part II: Foundations of Quantum Mechanics
(Springer, 1997) p. 102.
52 L. Ding and C. Schilling, “Correlation paradox of the
dissociation limit: Formal discussion and quantita-
tive resolution based on quantum information theory,”
arXiv:2001.04858 (2020).
53 A. K. Ekert, “Quantum cryptography based on Bell’s the-
orem,” Phys. Rev. Lett 67, 661 (1991).
54 T. Jennewein, C. Simon, G. Weihs, H. Weinfurter, and
A. Zeilinger, “Quantum cryptography with entangled pho-
tons,” Phys. Rev. Lett 84, 4729 (2000).
55 C. H. Bennett and S. J. Wiesner, “Communication via one-
and two-particle operators on Einstein-Podolsky-Rosen
states,” Phys. Rev. Lett 69, 2881 (1992).
56 X. Fang, X. Zhu, M. Feng, X. Mao, and F. Du, “Ex-
perimental implementation of dense coding using nuclear
magnetic resonance,” Phys. Rev. A 61, 022307 (2000).
57 L. Ye and G.-C. Guo, “Scheme for implementing quantum
dense coding in cavity QED,” Phys. Rev. A 71, 034304
(2005).
58 T. Schaetz, M. D. Barrett, D. Leibfried, J. Chiaverini,
J. Britton, W. M. Itano, J. D. Jost, C. Langer, and D. J.
Wineland, “Quantum dense coding with atomic qubits,”
Phys. Rev. Lett 93, 040505 (2004).
59 R. Jozsa and N. Linden, “On the role of entanglement
in quantum-computational speed-up,” Proc. R. Soc. Lond
459, 2011 (2003).
60 R. Horodecki, P. Horodecki, M. Horodecki, and
K. Horodecki, “Quantum entanglement,” Rev. Mod. Phys
81, 865 (2009).
61 R. F. Werner, “Quantum states with Einstein-Podolsky-
Rosen correlations admitting a hidden-variable model,”
Phys. Rev. A 40, 4277 (1989).
62 C. H. Bennett, H. J. Bernstein, S. Popescu, and B. Schu-
macher, “Concentrating partial entanglement by local op-
erations,” Phys. Rev. A 53, 2046 (1996).
63 V. Vedral, M. B. Plenio, M. A. Rippin, and P. L. Knight,
“Quantifying entanglement,” Phys. Rev. Lett 78, 2275
(1997).
64 V. Vedral, “The role of relative entropy in quantum infor-
mation theory,” Rev. Mod. Phys. 74, 197 (2002).
65 M. Horodecki, P. Horodecki, R. Horodecki, J. Oppenheim,
A. Sen, U. Sen, and B. Synak-Radtke, “Local versus nonlo-
cal information in quantum-information theory: formalism
and phenomena,” Phys. Rev. A 71, 062307 (2005).
66 In case the closest separable state σ∗ is not unique, we
choose the one that results in the lowest classical correla-
tion.
67 G. Adesso, M. Cianciaruso, and T. R. Bromley, “Quan-
tum discord and nonclassical correlations beyond entan-
glement,” in Quantum Information (John Wiley & Sons,
Ltd, 2016) Chap. 9, pp. 175–194.
68 S. Szalay, Z. Zimbora´s, M. Ma´te´, G. Barcza, C. Schilling,
and O¨. Legeza, “Fermionic systems for quantum informa-
tion people,” In preparation.
69 E. Olofsson, P. Samuelsson, N. Brunner, and P. P. Potts,
“Quantum teleportation of single-electron states,” Phys.
Rev. B 101, 195403 (2020).
70 T. Debarba, F. Iemini, G. Giedke, and N. Friis, “Teleport-
ing quantum information encoded in fermionic modes,”
Phys. Rev. A 101, 052326 (2020).
71 G. G. Amosov and S. N. Filippov, “Spectral properties of
reduced fermionic density operators and parity superselec-
tion rule,” Quantum Inf. Process. 16, 2 (2017).
72 K. G. H. Vollbrecht and R. F. Werner, “Entanglement mea-
sures under symmetry,” Phys. Rev. A 64, 062307 (2001).
73 L. Ding, Z. Zimbora´s, and C. Schilling, “Entanglement
between orbitals,” In preparation.
74 C. Schilling, Quantum marginal problem and its physical
relevance, Ph.D. thesis, ETH-Zu¨rich (2014).
75 C. L. Benavides-Riveros, N. N. Lathiotakis, C. Schilling,
18
and M. A. L. Marques, “Relating correlation measures:
The importance of the energy gap,” Phys. Rev. A 95,
032507 (2017).
76 L. Gurvits, “Classical deterministic complexity of ed-
monds’ problem and quantum entanglement,” in Proceed-
ings of the thirty-fifth annual ACM symposium on Theory
of computing (2003) pp. 10–19.
77 M. Horodecki, P. Horodecki, and R. Horodecki, “Separa-
bility of mixed states: necessary and sufficient conditions,”
Phys. Lett. A 223, 1–8 (1996).
78 A. Peres, “Separability criterion for density matrices,”
Phys. Rev. Lett 77, 1413 (1996).
79 Y. Cao, J. Romero, J. P. Olson, M. Degroote, P. D. John-
son, M. Kieferova´, I. D. Kivlichan, T. Menke, B. Per-
opadre, N. P. D. Sawaya, S. Sim, L. Veis, and A. Aspuru-
Guzik, “Quantum chemistry in the age of quantum com-
puting,” Chem. Rev. 119, 10856–10915 (2019).
